A new analytical nonmodal approach to investigate the plasma instabilities driven by the sheared current is presented and applied to the analysis of the linear evolution of the Simon-Hoh (S-H) instability of a plasma in the inhomogeneous electric field. We found analytically strong nonmodal growth for this instability which is missed completely in the normal modes analysis but dominates the normal mode growth when the shearing rate of the current velocity is above the growth rate of the S-H instability with uniform current. It includes also the nonmodal growth for the subcritical perturbations, which are suppressed in plasma with uniform Hall current.
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Introduction. -It is acknowledged last time that the usually applied normal mode analysis fails to predict the behaviour of the instabilities in sheared flows [1] [2] [3] [4] [5] [6] [7] [8] , particularly in predicting the temporal evolution and stability of the shearing flows in short-time limit and the onset of subcritical turbulence in sheared flows. The origin of this problem is in the assumption that the perturbations imposed on an equilibrium flow have a static structure of a plane wave ∼ exp (ikr − iωt) not changing with time. The modal approach neglects by the obvious physical effect when it applied to the shearing flow: the perturbations are convected by the shearing flow and experience the distortion by the shearing flow. This distortion is growing with time and forms the time dependent process, which is governed by the flow shearing. This effect is accounted for by the non-modal theory, grounded on the methodology of the shearing modes [4, 8] . These modes are the waves that have a static spatial structure in the frame convected with sheared fluid or plasma flow. They are observed in the laboratory frame as the perturbations with time dependent structure determined by the flow shearing [9] . The temporal evolution of the shearing modes is investigated by the employment of the initial value scheme, which does not impose a priori any constraints on the form that solution may take [4, [8] [9] [10] .
The principal difference between fluids and plasmas is the possibility of the relative motion of plasma species (electrons and ions), i.e. of the current in the applied electric and magnetic fields. The current driven instabilities of a plasma are the most ubiquitous in space, controlled fusion, and laboratory plasmas. Generally, the electric and magnetic fields are inhomogeneous in plasmas and the current velocity formed by the relative motion of plasma species is spatially inhomogeneous and sheared. The investigations of the current velocity shearing effect on the temporal evolution of the instabilities, turbulence and anomalous transport in plasmas with inhomogeneous electric field are completely missing * E-mail: vladimir@pusan.ac.kr † E-mail: vsmikhailenko@pusan.ac.kr ‡ E-mail: haejune@pusan.ac.kr to date. The current across the magnetic field formed by the relative motion of the magnetized electrons and unmagnetized ions in crossed electric and magnetic fields (generally referred as Hall current) is the basic feature of the Hall plasmas, widely employed in numerous E × B devices. The theory of the instabilities driven by the Hall current and resulted turbulence and anomalous transport of the Hall plasmas grounds on the application of the canonical normal modes approach. The investigation of the effect of the Hall current shearing, formed by the inhomogeneity of the electric and magnetic fields, on the temporal evolution, transient growth and possibility of the development of the subcritical turbulence can't be performed with employment of the modal approach and is absent yet. In this letter, we present analytical nonmodal approach grounded on the methodology of the shearing modes to the investigating the temporal evolution of the instabilities driven by the sheared current. We consider as a sample the hydrodynamic gradient-drift electrostatic Simon-Hoh (S-H) instability [12, 13] of the collisionless Hall plasma [14] in the inhomogeneous electric field. The developed theory treats the linear stability as an initial value problem and allows to discover and analytically investigate the transient non-modal phenomena in plasma with a sheared current which are missed completely in the normal modes approach. We found that the current shearing is the source of the fast strongly nonmodal growth of the perturbations, which dominates the linear modal growth in the plasma with shearless current, when the velocity shearing rate is above the growth rate of the S-H instability of plasma with uniform Hall current. It provides also the non-modal growth for the subcritical perturbations, which are suppressed in plasma with uniform Hall current.
The nonmodal theory of the S-H instability driven by the shearing current. -We analyse the stability of a plasma immersed to the nonuniform electric field E 0 = E 0 (x) e x directed across the uniform magnetic field B = Be z pointed along the coordinate z as an initial value problem without application any spectral transforms in time variable. The model of the Hall plasmas with unmagnetized ions and magnetized electrons is ap-plicable to the processes the temporal evolution of which is limited by the period of the ion cyclotron Larmor motion ω −1 ci , and the strength of the magnetic field is such that the ion Larmor radius ρ i is much larger than the characteristic plasma length scale L, whereas the electron Larmor radius ρ e much less than L. The dynamics of the electron component is determined by the electron continuity equation for the perturbation n 1e (x, y, t) of the inhomogeneous along the coordinate x equilibrium electron density n 0e (x),
∂φ ∂y
in which the nonuniform equilibrium velocity V 0e (x) and the perturbed velocity v 1e (x, y, t) are determined as the velocities of E × B drift, i.e.
where φ is the potential of the electrostatic perturbations. Equation (1) contains the spatial inhomogeneity, introduced by the sheared electron flow velocity V 0e (x). This inhomogeneity is excluded from Eq. (1) by the transformation of Eq. (1) to the coordinates ξ, η convected with sheared electron flow,
With these coordinates the electron continuity equation (1) has simple solution
where ψ ξ, η,
The governing equations for the cold unmagnetized ions are the linearised ion momentum equation for the perturbed ion velocity v i , with solution
and the linearised ion continuity equation
for the perturbation n 1i (x, y, t) with solution
The contributions of the equilibrium velocity V 0i and of the inhomogeneity of the ion density n 0i (x) to n 1i are in (ω ci t) −1 ≫ 1 times less than the corresponding contributions from electrons to n 1e and are neglected in Eq. (8) in model of plasma with unmagnetized ions. Employing the approximation of the quasi-neutrality n 1i (x, y, t) = n 1e ξ, η,t , which is valid here for the evolution time limited by the interval ω
where
is the ion sound velocity, v de = (−cT e /|e|B) d ln n e0 /dx is the electron diamagnetic velocity and the relation
which determines the Fourier transform of the potential ψ ξ, η,t 1 over variable y, with Fourier transform φ (x, k y , t 1 ) of the potential φ (x, y, t 1 ), was used. The simplest solution to this equation is obtained with canonically applied local approximation which assumes that all modes being considered have wavelength much smaller than the spatial scale length L v of the flow velocity inhomogeneity, i.e. L v k x ≫ 1. With this approximation the solution to Eq. (9) is of the modal form, φ (x, y, t) =φ (x, y) e −iωt , where ω is determined by the dispersion equation [15] 
obtained by the Fourier transform in time of Eq. (9) with t 0 → −∞ limit explored by the eigenmode analysis. The solution to this equation
predicts that S-H instability develops when
de . Consider now the limits of applicability of the local approximation employed for the inhomogeneous electron flow velocity V 0 (x) in the modal solution (12) to Eq. 
Therefore, the condition k x L v ≫ 1 of the "slow variation of V 0 (x) on the wavelength scale" is insufficient for the application of the local approximation for the inhomogeneous flow velocity V 0 (x) and employing the modal approach to the investigations of the stability of a plasma with sheared current velocity. For the time t − t 0 of the order of the inverse growth rate γ −1 of the linear modal instability, the nonmodal effects develop before the modal linear instability and determine the temporal evolution of the plasma perturbations when
For the considered here the S-H instability this condition is satisfied when
This condition demands that nonmodal methods should be devised and applied to examine the responses of such sheared currents to plasma perturbations. Equation (14) predicts also that the nonmodal effects are negligible and the local approximation for the inhomogeneous velocity V 0 (x) is admissible only for the sufficiently large V
for which the growth rate of the S-H instability is larger than the velocity shearing rate. Equation (9) Fourier transformed over x with accounted for the shear V ′ 0 of the electron flow velocity becomes
Due to the electron sheared motion, the separate spatial Fourier harmonic φ (k x , k y , t 1 ) of the potential in the ion frame of references is observed in the sheared electron flow as a Doppler-shifted sheared mode e −ikyV (0) 0 (t−t1) φ k x ,k y , t 1 with wave numberk y = k y and time-dependent wave numberk x = k x +k y V ′ 0 (t − t 1 ). In the normal modes approach, the effect of the mode shearing is missed. The modal S-H instability (12) develops when the Doppler-shifted frequency k y v de − k y V 0 of the electron beam mode becomes negative. We found, however, that the current velocity shear itself is a source of the current driven instabilities of new nonmodal type. Due to continuous distortion of the wave pattern observed in frame convected with electron component, the interaction of electrons with electrostatic ion density perturbation becomes time-dependent. This effect results in the non-modal time dependence of the perturbed potential, which is determined by the solution of integral equation (16). Here we present simple analytical solution to this equation, which displays strongly nonmodal behaviour of the S-H instability at time interval ω
This assumption is compatible with condition (14) for
1/2 . We will find the approximate solution to this equation in the Wentzel-Kramers-Brillouin (WKB)-like form,
−ikxx−iky y φ (x, y, t 0 ) dxdy is the Fourier transform of the initial perturbation of the potential at t = t 0 . The solution (17) is observed in the electron frame of references as a shearing mode
The frequency ω (k x , k y , t 1 ) changes with time due to the electron flow velocity shear V 
in which the terms of the order of
contains the input from the t = t 0 limit of the integration of Eq. (16) by parts. This term is much less than the first term for the exponentially growing perturbations and may be neglected in such a case. The time dependence of ω (k x , k y , t) originates from the electron sheared motion and is slow when
The equation for ω (k x , k y , t) follows from Eq. (19),
where the relation
s for ω 0 was used. This equation is solved with initial value ω (k x , k y , t = t 0 ) = ω 0 (k x , k y ), where ω 0 (k x , k y ) is determined by Eq. (12) . The solution to Eq. (22) displays, that the S-H instability in the sheared electron flow is a non-modal under condition (14) and is rapidly growing for k y V ′ 0 > 0 with time dependent growth rate and frequency,
Eq. (23) displays that the rapid nonmodal growth of the electrostatic potential,
occurs for the perturbations which propagate in the direction for which k y V ′ 0 > 0, and the strong nonmodal damping occurs for the perturbations for which k y V ′ 0 < 0. It is important to note that nonmodal solution (23) predicts the growth of the subcritical perturbations, which damp out in plasma with uniform Hall current, but for which k y V ′ 0 > 0 and condition (14) holds. It may be anticipated that the plasma turbulence resulted from the development of the nonmodal S-H instability will be nonmodal with unknown yet unusual properties.
Conclusions -We found that the inclusion of the nonmodal analysis is necessary when condition (14) holds. This analysis completely changes the predictions of the modal linear theory of the S-H instability which is generally employed for the plasmas in inhomogeneous electric field. We demonstrate analytically that when the current velocity shearing rate is above the growth rate of the modal S-H instability driven by the uniform current the strong rapidly growing non-modal instability develops which dominates the development of the normal mode instability. This instability includes also the nonmodal growth for the subcritical perturbations, which are suppressed in plasma with uniform Hall current. It is important to note, that condition (13) is a general condition for the inapplicability of the local approximation for the inhomogeneous current velocity and of the dominance of the nonmodal effects over the modal ones for the current driven instabilities with sheared current velocity.
